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The need for fix-points

et L be complete lattice

*Suppose f:L—=L is program analysis for some
program construct p

ei.e. p N Dl where f(h)=/

* monotonic function
e|f p is recursive or iterative program construct,
want to find least fixed point (Ifp) of 1.

* Most precise lattice element representing analysis of
executing p unbounded number of times




Fixed points

Let f: L — L be a monotone function on a complete lattice
L — (L7 E) |—|7 |_|7 J‘? T)
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Fixed poi

Fixed points

Let f: L — L be a monotone function on a complete lattice
L — (L7 E? I—|7 I_I7 J‘? T)

[ is a fixed point iff f(l) =1 Fix(f) =A{l]| f(l) =1}
f is reductive at 1 iff f(l)C1I Red(f) ={l]| f(l) E 1}

f is extensive at 1 iff f(l) 231 Ext(f)={t]| f() 31}
Tarski's Theorem ensures that

Ifp(f) = |Fix(f) =1 |Red(f) € Fix(f) C Red(f)
afo(f) = L Fix(f) = U Ext(f) € Fix(f) C Ext(f)
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Need for approximation

e How do we find Ifp(f)?

e |deally use iterative sequence
(ML) =L, {L), (HL)), ...

e But:

e may not stabilize
* if L doesn’t meet ascending chain condition

e [east upper bound of (7(L)), may not equal lfp(f)
* Why?

* No guarantee f is continuous, and so Kleene’s fixed-point theorem
doesn’t apply

e Need to approximate...



One possibility

e Start with T and repeatedly apply f
ei.e., (MT)a=T,HT), (AT)), ...

eEven if it doesn’t stabilize, will always be a
sound approximation
efor all i we have lfp(f)EfM(T)

* Means that can stop when we run out of patience, and
have sound approximation

e But In practice, too imprecise.




Widening operators

*Key idea: replace ((L)), with sequence (v"),
such that

*(fv"), guaranteed to stabilize with safe (upper)
approximation of lfp(f)

*V is a widening operator

* An upper bound operator satisfying a finiteness
condition




Upper bo

1 : L xL— L is an upper bound operator iff

1 C 1 Ol O 1o

for all I1,l> € L.
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Upper bound «

1 : L xL— L is an upper bound operator iff

1 C 11 Ol Jd Iy

for all I1,l> € L.

Let (I,)n be a sequence of elements of L. Define the sequence (I1),, by:

( .
H={

) Ol ifn>0

Fact: 1f (1,), is a sequence and I is an upper bound operator then
(i), is an ascending chain; furthermore It J | {lg,11,---,In} for all n.
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E

Let int be an arbitrary but fixed element of Interval.

An upper bound operator:

inty U inty if inty © int VvV Iinty L inty

[—o00, oo] otherwise

intq Dint int, = {
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Example |

Let int be an arbitrary but fixed element of Interval.

An upper bound operator:

inty U int> if inty & int VvV inty T inty

- ~nt ; —
Nty U™ Inty = { [— 00, 0] otherwise

Example: [1,2]000:21[12 3] = [1,3] and [2,3]0l0:2][1, 2] = [~ o0, oo].

Transformation of: [0,0],[1,1],[2,2],[3,3], [4,4],[5,5],---
If int = [07 OO]: [07 O]a [07 1]7 [07 2]7 [Oa 3]7 [074] 9 [Oa 5]7 "t

If Int: [072] [070]7 [07 1]7 [072]7 [073]7 [—O0,00] 7[_00700]7' "t
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Widening operators

*Operator V: L x L = L is a widening operator ift
*V is an upper bound operator

*for all ascending chains (/,), the ascending chain (/V,),
eventually stabilizes
Vo =1, ifn=0
NV, =Ny VI, otherwise




Widening operators

* For monotonic function f: L = L and widening
operator V define (f¥"), by

°fy" = ifn=0
o fy" = fy™! if n >0 and f(fy"') C fy"!

ofy" = fy" 'V f(fy"') otherwise

* This is an ascending chain that eventually stabilizes
ewhen f(fv”) c fv™ for some m

e Tarski’s Thm then gives fv™ 3 Ifp(/)
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Let K be a finite set of integers, e.g. the set of integers explicitly
mentioned in a given program.
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Example

Let K be a finite set of integers, e.g. the set of integers explicitly
mentioned in a given program.

We shall define a widening operator V based on K.

Idea: [z1,22] V [23,24] is

[ LB(21,23) , UB(22,24) |
where
o LB(z1,23) € {21} UK U{—c} is the best possible lower bound, and

o UB(20,24) € {20} UK U{o0} is the best possible upper bound.

The effect: a change in any of the bounds of the interval [z1, 25] can
only take place finitely many times — corresponding to the cardinality of

K.
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Examnr

Let z; € Z/ = Z U {—00, 0} and write:

y

z1 It z1 < 23
LBr(z1,23) = k if z3<21 N k=max{ke K |k < z3}
| — 00 if 23<21 ANVeEe K:z3<k

y

zo It 24 < 25
UBg(20,24) = k ifzo<zg N k=min{k € K| z4 <k}
\OOifZQ<Z4/\VkEKZk<Z4

(1
if inty = int, = L
| LBy (inf(inty),inf(inty)) , UBg (sup(inty),sup(inty)) |
otherwise

inty V inty, = «
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Examr

Consider the ascending chain (intp)n
[07 1]7 [07 2]7 [07 3]7 [074]7 [07 5]7 [07 6]7 [07 7]7 T
and assume that K = {3,5}.

Then (int) )y is the chain

[0,1], [0, 3], [0, 3], [0, 5], [0, 5], [0, o], [0, 0], - - -

which eventually stabilises.
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Detining widening operators

e Suppose we have two complete lattices, L and M, and a
Galois connection (L, &, Y, M) between them

* One possibility: replace analysis f:L =L with analysis g:M—M
e Can induce g from f

e But may reduce precision of analysis

e Another possibility
e Use M just to ensure convergence of fixedpoints
e Assume upper bound operator Vy, for M
e Define 1 Vi L =y(a(h) Vv a(lh))

* V. is widening operator if either
(i) M has no infinite ascending chains or
(ii) (L, &, Y, M) is Galois insertion and Vy, is widening operator




Improving on lfpy(f)

* Widening gives upper approximation Ifpy(f) of lfp(f)

* But f(lfpv(f) E lfpw(f) so we can improve
approximation by considering sequence (f(lfpwv(f)))s

* For all i we have lfp(f) C fi(lfpv(f)) E lfpw(f)

* 50 can stop anytime with an upper approximation

* Defining a narrowing operator gives a way to
describe when to stop




Narrowing c

An operator /A : L x L — L is a narrowing operator iff
e LbCly = IbC(ly A 1lp)C1q foralllq,lo € L, and

e for all descending chains (I,)n the sequence (I5*), eventually sta-
bilises.

We construct the sequence ([/]A )

= { Ifow (f) ifn=20
Sl At A s a0

One can show that:

o ([/]’A)n is a descending chain where all elements satisfy Ifp(f) C [/]'A

e the chain eventually stabilises so []7 = [f]Z/+1 for some value m/
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Red(f)— - — -

IR = (/IR = ifpd
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Example

The complete lattice (Interval,C) has two kinds of infinite descending
chains:

e those with elements of the form [—c0,z2], z € Z

e those with elements of the form [z,00], z € Z

Idea: Given some fixed non-negative number NV
the narrowing operator 4\, will force an infinite descending chain

[21, 0], [22, o0], [23, 0], - - -

(where z1 < 20 < z3 < ---) to stabilise when z; > IV

Similarly, for a descending chain with elements of the form [—oo, 2;] the
narrowing operator will force it to stabilise when z; < — /N
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Examr

Define A = A, by

1L if inty =1 V intob = L

inty A inty = { (21, 20] otherwise

inf(inty) if NV <inf(inty) Asup(inty) = oo
inf(inty) otherwise

<2

sup(inty) if inf(inty) = —oco Asup(inty) < — N
sup(inty) otherwise

Consider the infinite descending chain ([n, co])n

[0700]7 [1700]7 [2700]7 [3700]7 [4700]7 [5700]7 e

and assume that N = 3.

Then the narrowing operator 2\, will give the sequence ([n, c0]“)x
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Summary

e Given monotonic f:L—=L where L is a lattice

* Approximating least fixed point of f accurately
and quickly a key challenge of program analysis

*\Widening operators
* Widening following by narrowing




